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2Slow Roll Expansion During ination, the inaton
(t), which we assume here is a single real scalar eld,


























where a dot denotes the derivative with respect to time,
H is the Hubble rate, and we have set 8G = 1. Æ
1
, which
measures the second derivative of , is sometimes simply


















The slow roll approximation assumes, for some small
parameter , which observations suggest is of order 0:1
or smaller,
 = O() and Æ
1
= O(): (4)














= 0 reduces to the slow roll




' 0. Using Eqs. (2) and (3),





for p > 1. In this approximation, the spectral index is















are numerical coeÆcients of order unity.
The rst two terms on the right represent the textbook
(e.g. Ref. [12]) result. The class of terms in O(
2
) in-







with some numerical co-
eÆcients. The sum includes the higher derivatives of ;
it is these we will be most concerned with here. The most
important point about Eq. (6) is that it shows that the
recent determinations that n is close to one verify slow
roll. That is, at least in the absence of surprising can-
cellations (which will not concern us), all the terms on
the right must be small since the left hand side has been
measured to be small.
Given the validity of the slow roll approximation, an
important question remains about the terms in the sum




) or is Æ
p
= O()? Either con-
dition would still satisfy slow roll, so there is as yet no
experimental way to favor one over the other. The for-
mer is often assumed. If this assumption is incorrect,
then an analyst using it will map an observation (of n)
onto the wrong set of parameters ; Æ
1
. More importantly,
the deviation of the primordial power spectrum from a
power law is often described by the running of the spec-















The parameters  and Æ
1
appear only quadratically in the
running, represented by the O(
2





), the running will also be of order 
2
,
on the border of detectability [11]. On the other hand,
models in which Æ
p
= O() still satisfy slow roll, but pro-
duce signicant running. Indeed, in these models, the
running is expected to be of order , i.e. as large as the
deviation of n from one.
Slow Roll Results It behooves us therefore to deter-
mine the spectral index and its running in the general
case in which Æ
p
= O(). Here we simply present the re-
sults; a companion paper [13] gives derivations. There it
is shown that the d
p



















This relation uniquely determines the coeÆcients d
p
.
Some explicit values are
d
0
= 1 ; d
1




























where   2  ln 2  ' 0:730;  is the Euler-Mascheroni
constant, and  is the Riemann zeta function.
Perhaps even more important for the purposes of test-
ing inationary models are expressions for the spectral
index and its running in terms of the inaton potential,


















































derivative of V with respect to
. The potential and its derivatives in Eq. (10) are to be
evaluated at the value  had at the time when the mode
k left the horizon during ination, to be precise at the
time when aH = k; that is, dierent scales k correspond
3to dierent values of . The coeÆcients q
p
are again best


















Some explicit values are
q
0





















































The spectral index and its running can also be ex-
pressed in terms of the potential and its derivatives, by
dierentiating the power spectrum with respect to ln k,
using @=@ lnk ! (V
(1)
=V ) @=@. The spectral index is












































= 0 for all p > 0 corresponds to the standard
slow roll result [11, 12, 14]. The rst two correction terms



















































where (x) = 0 for x < 0 and (x) = 1 for x > 0,













































where W (x)  (6=x) j
1
(2x)   3 j
0
(2x). Here, stan-










Examples For the purposes of illustration, we now in-
troduce a class of models in which the spectral index is





[1 + Af()] (18)
FIG. 1: Power spectrum of the gravitational potential in two
inationary models corresponding to potentials of the form
in Eq. (18). k

is a ducial wavenumber depending on the
dynamics of the inaton. The Harrison-Zel'dovich spectrum
is at. The thick solid line is the result of Eq. (10); the thin
line is the standard slow roll approximation in which Q! 1;
and the dashed line is the assumption of no running. The top
panel has parameters  = 0:03;  = 1= while the bottom has
 = 7;  = 0:3. In both cases, A = 
3
=.
where  and A are small,  is large, and f is a smooth
function. A surprisingly large number of models [16] can
be parametrized in this way.
Ref. [13] uses Eq. (10) and Eq. (15) to derive explicit
expressions for the power spectrum and its derivatives
when the potential is of the formEq. (18). Figure 1 shows
the power spectrum (of the gravitational potential ) in
two examples. In each case, three curves are plotted:
the exact result of Eq. (10), the standard slow roll result
corresponding to setting q
p
= 0 for all p > 0, and the \no
running" approximation in which the power spectrum is
assumed to be a pure power law.
There are two important lessons to be learned from
Figure 1. First, and most important, running can be sig-
nicant, even if deviations from slow roll { as determined
by measuring the spectral index on large scales { are




(top panel), measuring n on
large scales and extrapolating to small scales with a pure
power law underestimates the power signicantly. We
emphasize that (i) this serious misestimate takes place
4even though n on large scales is close to one ( 0:94)
and (ii) depending on the parameters in the potential,
the estimate could have gone the other way with a large
overestimate of the power. The second important feature
of Figure 1 is that the standard slow roll approximation
is not particularly good. This shows up for the x
3
poten-
tial, but even more dramatically for the bump potential
in the bottom panel. Besides the incorrect placement
of the bump in the power spectrum and the too-small
amplitude, standard slow roll does not produce any ring-
ing in the spectrum. These are already evident for the
parameter choice in Figure 1 and become even more pro-
nounced for larger values of . Many groups have studied
bumps, dips, and steps in the power spectrum. Eqs. (10)
and (15) are good ways to analyze these models: sim-
pler than full numerical solutions and more accurate than
standard slow roll.
Conclusions Ination, and in particular slow roll in-
ation, has emerged from the recent confrontation with
data in marvelous shape. Current data support the idea
that the universe is at, and that the primordial power
spectrum was close to scale-invariant. We have shown
here that these successes do not necessarily imply that
the spectrum is a pure power law on all scales. Deviations
from power law behavior, i.e. running of the spectral in-
dex, can be as large as the deviation of the spectral index
from unity. This is exciting, for it suggests that future
experiments may be able to measure this running. If
measured, these two sets of small deviations (away from
n = 1 and away from pure power law) will clearly rule out
the Harrison-Zel'dovich spectrum. This would lay waste
to one of the most potent arguments today against ina-
tion (\If the perturbations came from ination, why did
Harrison and Zel'dovich come up with them long before
ination was invented?").
A related point is that our measurements to date have
been predominantly on large scales. It is dangerous to
extrapolate these large scale measures of the power to
small scales, assuming a pure power law. Thus, limits on
the spectral index from e.g. primordial black holes [17]
would be relaxed if the primordial spectrum is not a pure
power law.
More intriguing is the idea that running may help
solve some of the small scale problems currently facing
Cold Dark Matter [18]. It has been suggested that these
problems could be alleviated by reducing the small scale
power. Running of the spectral index provides a clean
way of doing this.
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